
1. PHD PROJECT DESCRIPTION (4000 characters max., including the aims and work 
plan, all in English) 

Project title:  The stabilization of the boundary control systems 

1.1. Project goals.
a) Study of the well-posedness of the linear open/closed loop Cauchy problems associated with the
abstract boundary control systems governed by selected parabolic partial differential equations.

b) Study  of  the  boundary  observability  conditions  and  the  stabilization  of  solutions  of  the  selected
boundary control systems, the characterization of the reachable subspaces of exact controllable systems
for more regular input functions (e.g. from the Sobolev type spaces).

c) Study  of  the  permanence  of  the  well-posedness,  the  boundary  observability  and  the  boundary
stabilization under perturbation of the boundary conditions.

1.2. Outline
  The project is devoted to the study of the properties of abstract boundary control systems (BCSs), for
instance, in the following input form: 

 u’=Lu,       u=Gv.             (1)
The operator L corresponds to a differential expression that models the dynamics of some physical
phenomena (arising e.g. in elasticity or thermodynamics) and G refers to the boundary conditions that
allow to control  the  system's  time behaviour  through an input  v.  The properties  such as  the  well-
posedness  of  (1),  the  boundary  controllability  and  stabilization  of  the  solutions,  as  well  as  their
permanence under suitable perturbations of L and G, will be of our primary interest.  

Recall that the BCSs are a classical part of the control theory and partial differential equations (PDEs)
with a long tradition. Their abstract formulation in terms of the semigroup theory goes back to Fattorini
[1] and Salomon [2] (see also [3], [4], or [5], and the references therein). The main idea of this theoretic
approach is to reformulate the system (1) to the open-loop Cauchy problem: 

u’ = Au + Bv.             (2) 
Here, A is a realization of L determined by G, and the control operator, B, is usually a strictly singular
perturbation of A, which makes it difficult to study the above-mentioned properties for such systems
(e.g., governed by elliptic PDEs with some more sophisticated boundary conditions). A large part of the
results obtained so far is devoted to the study of systems with time-reversible dynamics (arising e.g. in
the hyperbolic PDEs), among which the damped wave equation is a prototype of the developed theory.
Note that such systems reduce to the closed-loop problems u’=(A-BB*)u, that is, the input v in (2) is
given  by  the  feedback  law  v=Fu  with  F=-B*.  The  abstract  theory  of  such  systems  was  recently
developed relying on new results on the asymptotics of semigroups (see [6]). 
       In this project, we intend to study concrete BCSs which are not covered by the theory presented in [6],
as well as to develop their unified abstract theory applicable to a large class of PDEs. In this context, recall
that the typical parabolic systems (arising e.g. in thermodynamics) are not time–flow invertible, and for
some non-dissipative systems (e.g. Euler-Bernoulli system) a natural input v is not given by the feedback
B*.  Moreover, the classical observability condition (applied in the invertible case) in such systems requires
an  appropriate  weaker  counterpart.  The  existing  results  for  such  systems  are  rather  a  collection  of
scattered facts and are still lacking a structure. The questions of the well-posedness of such class of BCSs
will be the starting point. Their reformulation to the form (2) leads to many difficulties, e.g. in choosing the
optimal function spaces or controlling several properties of the solutions of (2), which allows one to obtain
the well-posedness of (1) from that of (2). The aim is to present this reduction procedure in the language of
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the semigroup theory. To give a unified abstract method, which will take into account optimal extensions of
L depending on G, and the time-regularity properties of solutions, we first explain the interconnections
between different concepts of well-posedness of problems (1) and (2) considered in the literature for the
particular cases of PDEs up to now. Moreover, we propose to study the permanence of the well-posedness
of (1) under perturbations directly of the operator L and/or G. Such direct conditions could be applicable to
a larger class of PDEs. Here, we plan to develop the approach from [7] to our specific situation. 
The second task is the stabilization problem for such systems, which consists of studying/finding feedback
operators F such that the solutions of the closed-loop problem:

 u’(t) = Au(t) + BFu(t)            (3)
tend to zero as t tends to infinity. Additionally, for an explicit feedback, to determine a rate of decay of
smooth solutions of a given problem. For selected systems, we also intend to determine for which feedback
operators the problem (3) is  well-posed in the sense of semigroup theory.  We intend to extend some
results of J.-L. Lions (see e.g. [8]). 

1.3. Work plan. 
The project will start with the study of crucial techniques and methods from the abstract evolution problems
and the partial differential equations (such as the resolvent method of estimating decay rates of semigroups
orbits,  harmonic  analysis  methods,  H.U.M.  method  of  J.-L.  Lions,  multiplier  method,  observability
estimates, perturbation methods). This part will last approx. 6 months. Then, the work plan will closely
follow the points stated in 1.1. above. 
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             1.5. Required initial knowledge and skills of the PhD candidate: 
analytical thinking, willingness to self-study, basic knowledge of the operator theory (spectral theory of selfadjoint 
operators, backgrounds in the theory semigroups), partial differential equations, methods of Fourier and Laplace 
transforms, theory of distributions and Sobolev spaces.

             1.6. Expected development of the PhD candidate’s knowledge and skills: 
the candidate has advanced knowledge in the fields of mathematics such as the abstract evolution equations, semigroup
theory, linear control theory, partial differential equations, spectral theory, Sobolev spaces.
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